Abstract. Let M be a positive quaternionic Kähler manifold of dimension 4m. If the isometry group Isom(M ) has rank at least m 2 + 3, then M is isometric to HP m or Gr 2 (C m+2 ). The lower bound for the rank is optimal if m is even.
positive quaternionic Kähler 4n-manifolds of symmetry rank ≥ n − 2 must be either isometric to HP n or Gr 2 (C n+2 ), if n ≥ 10.
In this paper we will combine Morse theory of the momentum map on quaternionic Kähler manifold developped in [2] and the connectedness theorem in [6] to prove the following Since the fixed point set of an isometric circle action is either a quaternionic Kähler submanifold or a Kähler manifold. In the latter case the fixed point set has dimension at most 2m (the middle dimension of the manifold). Moreover, if a fixed point component is contained in µ −1 (0) then it must be a quaternionic Kähler submanifold, and if it is in the complement M − µ −1 (0) then it is Kähler (see [2] ).
Theorem 1.2. Let M be a positive quaternionic Kähler 4m-manifold M with an isometric S 1 -action. If N is a fixed point component of codimension 4. If m ≥ 3 then M is isometric to HP
m or Gr 2 (C m+2 ).
The idea of proving Theorem 1.2 is as follows: by the above we know that the fixed point component N ⊂ µ −1 (0) if 4m − 4 ≥ 2m + 1 (cf. [2] Remark 3.2). Furthermore, by [8] one knows that the quantization µ −1 (0)/S 1 has dimension at most 4m − 4 (cf. [5] ). We will prove in section 3 that N = µ −1 (0). Then we may use the equivariant Morse equality to show that M = HP m if b 2 (M) = 0 (cf. Lemma 4.1). By [16] this implies easily Theorem 1.2.
With the help of Theorem 1.2, the proof of Theorem 1.1 follows by using induction on the dimension and Theorems 2.1 and 2.4. Theorem 1.1 is optimal if m is even since the rank of Gr 4 (R m+4 ) is m 2 + 2. We conjecture that when m is odd, the lower bound for the rank in Theorem 1.1 may be improved by 1, that is
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Preliminaries
In this section we recall some results on quaternionic Kähler manifolds needed in later sections.
Let (M, g) be a quaternionic Kähler manifold of dimension 4n. Let F → M be the principal Sp(n)Sp(1)-bundle over M. Locally, F → M can be lifted to a principal adjoint representations of Sp(n) and Sp(1) give two bundles S 2 E and S 2 H over M, respectively. Given the inclusion of the holonomy algebra sp(n) ⊕ sp(1) into so(4n), the bundle S 2 E⊕S 2 H can be regarded as a subbundle of the bundle of 2-forms Λ 2 T * M C . The bundle S 2 H has fiber the Lie algebra sp(1) and the local bases {I, J, K} cooresponding to i, j and k ∈ sp(1) and consisting of three almost complex structures such that IJ = −JI = K.
The Kraines 4-form, Ω, associated to a quaternionic Kähler manifold M, is a nondegenerate closed form which is defined by
where ω 1 , ω 2 and ω 3 are the locally defined 2-forms associated to the almost complex structures I, J and K. The form Ω is globally defined and non-degenerate, namely Ω n is a constant non-zero multiple of the volume form. It is well-known that Ω is parallel if and only if M has holonomy in Sp(n)Sp(1), if n ≥ 2. Moreover, by [21] M has holonomy in Sp(n)Sp(1) if and only if Ω is closed, provided n ≥ 3.
For a quanternionic Kähler manifold, the almost complex structures may not be globally defined, e.g., the quaternionic projective spaces HP n does not admit an almost complex structure. If I, J, K are integrable and covariantly constant with respect the metric, the holonomy group reduces to Sp(n) and so the quaternionic Kähler manifold is hyperkähler. Wolf [22] classified quaternionic symmetric spaces of compact type, they are listed as HP n , the complex Grassmannian Gr 2 (C n+2 ), and the oriented real Grassmannian Gr 4 (R n+4 ), and exactly one quaternionic symmetric space for each compact simple Lie algebra, namely G 2 /SO(4), F 4 /Sp(3)Sp(1), E 6 /SU(6)Sp(1), E 7 /Spin(12)Sp(1), E 8 /E 7 Sp(1).
As we mentioned in the introduction, so far quaternionic symmetric spaces are the only known examples of positive quaternionic Kähler manifold. (ii) (Strong rigidity) Let (M, g) be a positive quaternionic Kähler 4n-manifold. Then M is simply connected and 
Theorem 2.3 ([6]). Let M be a positive quaternionic Kähler manifold of dimension
As a direct corollary of (2.3.3) we have
HyperKähler quotient and Quaternionic Kähler quotient a. Hyperkähler quotient
Let M be a hyperkähler manifold having a metric g and covariantly constant complex structures I, J, K which behave algebraically like quaternions:
Let G be a compact Lie group of isometries acting on M and preserving the structures I, J, K. The group G preserves the three Kähler forms ω 1 , ω 2 , ω 3 corresponding to the three complex structures, so we may define three moment maps µ 1 , µ 2 , µ 3 . These can be written as a single map
* is the dual space of the Lie algebra of G. By [13] µ + is holomorphic, and so N = µ −1 + (0) is a complex submanifold of M, with respect to the complex structure I, therefore N has an induced Kähler metric. By defi-
is a manifold and the induced G-action is free, then the hyperkähler quotient M//G is also a hyperKähler manifold. More generally, Dancer-Swann [5] proved that the hyperkähler quotient M//G may be decomposed into the union of hyperkähler manifolds, according to the isotropy decomposition of the G-action on M. However, it is not clear at all if the decomposition of M//G is a stratified topological space satisfying the Goresky-MacPherson axioms, like in the sympletic quotient case [20] .
In this section we will address to the structure of this decomposition. For the sake of simplicity we consider only the case of G = S 1 and the action is semi-free, i.e., free outside the fixed point set.
Let us start with the standard example of isometric S 1 -action on quaternionic linear space H n defined by ϕ t (u) = e 2πit u; t ∈ [0, 1) where i is one of the quaternionic units. With global quaternionic coordinates {u α }, α = 1, · · · , n, the standard flat metric on H n may be written as:
The Killing vector field X of the above action is H-valued:
Observe that ω is purely imaginary since ω +ω = 0. Note that ω = ω 1 i + ω 2 j + ω 3 k, where ω i is as above.
It is easy to see that the moment map (cf. [7] )
The zero set M 0 := µ −1 (0) may be identified with the real algebraic variety of dimension (4n − 3):
In particular, if n = 1, M 0 = {0} is a single point. More generally, one may verify that, for any semi-free S 1 ⊂ Sp(n)-action on H n with {0} the only fixed point, the hyperkähler quotient H n //S 1 is a topological cone over a (4n − 5)-dimensional real algebraic variety.
The following theorem is an analog of the Sjamaar-Lerman theorem [20] (compare [10] ) for circle action in the hyperkähler case. Proof. It suffices to prove that, for any given point x ∈ Y 1 , there is an
with typical fiber the hyperkähler quotient H n //S 1 .
Recall that ω = ω 2 + iω 3 defines a complex symplectic structure on M. The usual proof of the equivariant Darboux theorem for real sympletcic manifolds applies equally well in the complex case; thus, there exists an 
b. Quaternionic Kähler quotient
Let M be a quaternionic Kähler manifold with non-zero scalar curvature. If G acts on M by isometries, there is a well-defined moment map, which is a section µ ∈ Γ(S 2 H ⊗g * ) solving the equation
for each X ∈ g; whereX = g(X, ·) denote the 1-form dual to X with respect to the Riemannian metric. Equivalently, the above equation may be written in the following form similar to the symplectic case dµ(X) = i X Ω A nontrivial feature for quaternionic quotient is, the section µ is uniquely determined if the scalar curvature is nonzero. Moreover, only the preimage of the zero section of the moment map, µ −1 (0), is well-defined. Since the proof of the Galicki-Lawson's theorem is local, so if the circle acts freely on a piece of the manifold is free, the same result applies well to the moment map on this piece.
Recall that a Morse function f is called equivariantly perfect over Q if the equivariant Morse equialities hold, that is if
where the sum ranges over the set of connected components of the fixed point set, λ F is the index of F , andP t is the equivariant Poincaré polynomial for the equivariant cohomology with coefficients in Q.
Let f = µ 2 . By [2] the critical set of f is the union of the zero set f −1 (0) = µ −1 (0) and the fixed point set of the circle action. Moreover, the zero set µ −1 (0) is connected, and a fixed point component is either contained in µ −1 (0) or does not interesect with µ −1 (0). The folllowing result is important for this paper. For each quaternionic Kähler manifold M with non-zero scalar curvature, following [21] , let u(M) denote the H * /{±1}-bundle over M:
where F is the principal Sp(n)Sp (1) Proof. Let u(M) be as above. By Proposition 4.2 of [5] , at the fixed point x ∈ N, the isotropy representation of S 1 in SO(3) ∼ = Aut(u(M) x ) is a finite group, where Aut(u(M) x ) is the isomorphism group of the fiber at x preserving the quaternionic structure. Therefore, the preimage π −1 (N) is also a fixed point component of the lifted S 1 -action on u(M), which has codimension 4.
By [21] Lemma 4.4 we see that π −1 (N) ⊂μ −1 (0), whereμ is the moment map for the lifted S 1 -action on u(M). Now S 1 acts on the normal slice of π −1 (N) in u(M) through a representation in Sp(1). For dimension reasoning, this representation is faithful, otherwise, a finite order subgroup of S 1 acts trivially on the whole manifold u(M) and so on M, a contradiction to the effectiveness of the action from our assumption. Therefore, S 1 acts semi-freely on a neighborhood of π −1 (N) in u(M). By now we may apply Theorem 3.1 to show that π −1 (N) is a connected component ofμ −1 (0). Since the moment map µ projects to the moment map µ, therefore N is also a connected component of µ −1 (0). By [2] µ −1 (0) is connected, thus N = µ −1 (0), the desired result follows. Proof. By Lemma 3.7 µ −1 (0) = N, therefore S 1 acts trivially on µ −1 (0). By Theorem 3.5P
where F runs over fixed point components outside N, and λ F the Morse index of F . By Proposition 3.6 the Morse index λ F ≥ 2n and are all even numbers. Thus the inclusion N → M is a (2n − 1)-equivalence.
. Since S 1 acts trivially on F and N, we get thatP t (F ) = P t (F )P t (BS 1 ) andP t (N) = P t (N)P t (BS 1 ). The above identity reduces to
Observe that the last two terms of the left hand side is
If F is a fixed point component outside µ −1 (0) such that dim R F > 0, we claim that dim R F + λ F ≤ 4n − 4. Otherwise, by the above identity dim R F + λ F = 4n − 2 is impossible, and if the even integer dim R F + λ F = 4n, we conclude that the coefficients of t 4n−2 of the right hand side is also non-zero, since F must be a compact Kähler manifold (by Proposition 3.6) and so P t (F ) has nonzero coefficient at every even degree not larger than the dimension.
Clearly the identity also shows that no isolated fixed point outside µ −1 (0) with Morse index 4n − 2, and there must exist an isolated fixed point with Morse index 4n.
Put these together, by Morse theory it follows that, up to homotopy equivalence,
where 2n ≤ λ i ≤ dim R F + λ F ≤ 4n − 4, and e i denotes cell of dimension i. Therefore
Since the codimension of N is 4, it follows that H 2 (M) ∼ = H 2 (M −N) = 0. Therefore by Theorem 2.1 M = HP n . The desired result follows.
Proof of Theorem 1.1
Let M be a positive quaternionic Kähler manifold of dimension 4m. We call the rank of the isometry group Isom(M) the symmetry rank of M, denoted by rank(M). By [6] we know that rank(M) ≤ m + 1.
Proof of Theorem 1.1. Let r = rank(M). Consider the isometric T r -action on M. Note that the T r -action on M must have non-empty fixed point set since the Euler characteristic χ(M) > 0 by [19] . Consider the isotropy representation of T r at a fixed point x ∈ M, which must be a representation through the local linear holonomy Sp(m)Sp(1) representation at T x M ∼ = H m . If there is a stratum (a fixed point set of an isotropy group of rank ≥ 1) of codimension 4, then it must be contained in µ −1 (0) if m ≥ 3 (by [2] or Proposition 3.6). By Theorem 2.1 and Lemma 4.1 the desired result follows. Thus we can assume that at x, the isotropy representation does not have any codimension 4 linear subspace fixed by some rank 1 subgroup of T r . Let N be a maximal dimensional , with an effective isometric torus action of rank ≥ 6. Once again the argument in [6] shows that M 20 has a quatertnionic submanifold M 16 of rank ≥ 5. By (i) we see that M 16 = HP 4 or Gr 2 (C 6 ). By Theorem 2.1 and Theorem 2.4 again we complete the proof.
